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tion method is adopted, and the relevant cell problem is addressed. Periodicity is enforced by resorting to
the theory of Weierstrass elliptic functions. The equilibrium equation in the ﬁbre domain is solved in
closed form by applying the theory of hypergeometric functions, for new wide classes of grading proﬁles
deﬁned in terms of special functions. The effectiveness of the present analytical procedure is proved by
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the inﬂuence of microstructural and material features on the effective moduli is presented. The feasibility
of mitigating the shear stress concentration in the composite by tuning the ﬁbre grading proﬁle is shown.
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Graded materials are substances having composition, micro-
structure and properties which vary continuously in space (Suresh,
1997, 2001). Their outstanding merit is that their properties can be
tailored via the design of the gradients.
Graded composites consist of inclusions, either of spatially var-
iable volume fractions (Reiter et al., 1997; Genin and Birman,
2009), or made of graded materials (Gu and Yu, 2003), embedded
in a homogeneous host matrix. This work, dealing with the latter
kind of graded composites, is aimed at determining the effective
longitudinal shear moduli of linear elastic, periodic composites,
reinforced by radially-graded long ﬁbres. Its signiﬁcance, for the
development of engineering components, relies on the fact that
properly tuning the ﬁbre grading proﬁle allows to modulate the
material stress state, thus enhancing material performance and
durability.
The analysis is developed within the framework of antiplane
shear deformations, and the asymptotic homogenization method
is adopted (Bensoussan et al., 1978; Sanchez-Palencia, 1980; Kala-
mkarov, 1992). It hinges on the so-called cell (or local) problem,
whose major issues are: (i) the solution of the equilibrium ﬁeld
equation in the radially-graded ﬁbre domain; (ii) the satisfactionll rights reserved.
x: +39 06 7259 7005.
oli), bisegna@uniroma2.it (P.of the equilibrium and interface-constitution laws at the ﬁbre-ma-
trix interface; and (iii) the satisfaction of the periodic boundary
conditions at the unit-cell boundary.
The ﬁrst issue is the central one in the theory of graded materi-
als. Most of the interest in the literature has focused on graded
plates, but several closed-form solutions are available for radi-
ally-graded cylinders or spheres, mainly with reference to electric
or thermal conduction problems, or electrostatics. Those results
carry over to the present case, since antiplane shear deformation
is governed by formally identical equations. In particular, limiting
the literature review to graded cylinders, power-law ðrkÞ, linear
ðbþ rÞ, and exponential ðebrÞ proﬁles were considered by Gu and
Yu (2003), Wei et al. (2003) and Chen and Kuo (2005), where r is
the radial coordinate along the ﬁbre radius; the more general pro-
ﬁle ðbþ rÞkebr was considered byWei et al. (2006). In this work, be-
sides the grading proﬁle ebrq , previously studied by Martin (2002)
for spheres and considered here with reference to cylinders,
closed-form solutions for wide families of grading proﬁles are de-
rived in a systematic manner, exploiting an idea presented in Sec-
tion 4.3. In particular, solutions for grading proﬁles given by the
square of Bessel functions, or involving the square of hypergeomet-
ric functions, are obtained. Many of the previously cited grading
proﬁles are recovered as particular cases, and new variants are al-
lowed, including, e.g., the square of Chebyshev or Legendre’s poly-
nomials, or involving logarithmic or trigonometric functions. To
the best of the authors’ knowledge, a closed-form solution for such
grading formats appears here for the ﬁrst time. Such a collection of
(a) (b)
Fig. 1. (a) Geometrical setting of the problem at the macroscale: cross-section of
the ﬁbrous composite (the ﬁbre size is exaggerated with respect to the sample size,
for illustrative purposes; the ﬁbre-matrix interface has zero thickness). (b)
Geometrical setting of the cell (or local) problem at the microscale.
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tions, and, mainly, both to approximate experimental proﬁles
encountered in applications and to devise new graded composites
with enhanced performances in the ﬁeld of antiplane shear defor-
mations, electric or thermal conduction, or electrostatics.
Interfaces between ﬁbres and matrix are usually assumed to be
perfect, i.e., continuity of both the displacement and traction vec-
tors is enforced. In this work, imperfect interfaces are considered
and modeled with the simple and popular zero-thickness, linear
spring-layer model. In particular, a displacement discontinuity lin-
early related to the interface traction in terms of a spring constant
parameter is allowed at interfaces (Lene and Leguillon, 1982; Ha-
shin, 1991; Bigoni et al., 1998). The case of perfect interfaces is
recovered by letting the interface parameter go to inﬁnity. The
present analysis could be extended to more general interface mod-
els (Benveniste and Miloh, 2001; Hashin, 2002), or to the case of
inclusions coated with homogeneous interface (Nicorovici et al.,
1993; Gu and Yu, 2003) or graded interface (Kanaun and
Kudriavtseva, 1989; Herve and Zaoui, 1993; Lutz and Zimmerman,
1996, 2005; Shen and Li, 2003, 2005; Sevostianov and Kachanov,
2007).
Many procedures for estimating the effective moduli of com-
posites are available in the literature. Some of them are based on
the solution for dilute suspensions, whereas others take approxi-
mately into account interactions among ﬁbres (see, e.g., Mura
(1987) and Milton (2004) and the references cited therein). For
periodic microstructures, these interactions are rigorously taken
into account by imposing periodic boundary conditions at the
unit-cell boundary. This issue can be accomplished by using differ-
ent methods, including Fourier transform (Iwakuma and Nemat-
Nasser, 1983; Michel et al., 1999; Bonnet, 2007), elastostatic reso-
nances (Kantor and Bergman, 1982), boundary elements (Helsing,
1995), ﬁnite elements (Michel et al., 1999; Shabana and Noda,
2008). In this work, periodicity is enforced following an approach
tracing back to the classical multipole expansion method (Ray-
leigh, 1892), quite popular in the literature (Perrins et al., 1979;
Kalamkarov, 1992; Meguid and Kalamkarov, 1994; Rodríguez-Ra-
mos et al., 2001; Jiang et al., 2004; Chen and Kuo, 2005; Parnell
and Abrahams, 2006; Bisegna and Caselli, 2008; Kushch et al.,
2008). In particular, the cell function over the matrix domain is
represented as a series of doubly-periodic functions built up by
resorting to the theory of Weierstrass elliptic functions (Whittaker
and Watson, 1927; Apostol, 1997), naturally satisfying the period-
icity condition at the cell boundary. The actual solution is then
computed through the identiﬁcation of the latter representation,
with the Fourier-series representation arising after satisfying the
equilibrium ﬁeld equations in the ﬁbre and matrix domains, and
enforcing the equilibrium and interface-constitution laws at the ﬁ-
bre-matrix interface. An inﬁnite system of linear algebraic equa-
tions is thus obtained, which is truncated to a ﬁnite order N and
solved. Closed-form formulas are obtained to the truncation orders
N ¼ 1 and N ¼ 2 for general unit cell microgeometries with obli-
que unequal sides, and to any truncation order N for rectangular
microgeometries.
The outline of the paper is as follows. In Section 2 the mathe-
matical statement of the problem under consideration is intro-
duced and the homogenized equation is presented; Section 3
focuses on the cell problem and the relative solution strategy. In
Section 4 closed-form solutions are obtained for different types
of ﬁbre grading proﬁles. Section 5 reports a campaign of numerical
tests aimed at both validating the present results and at showing
the inﬂuence of the grading features and unit cell geometry on
the overall elastic behaviour of the composite. Moreover, a com-
parison with other homogenization approaches available in the lit-
erature (Kanaun and Kudriavtseva, 1989; Sevostianov and
Kachanov, 2007) is presented. Finally, the feasibility of mitigatingthe shear stress concentration in the composite by tuning the ﬁbre
grading proﬁle is investigated.
2. Statement of the problem
Reference is made to a composite material constituted of long,
parallel ﬁbres with circular cross-section, embedded into a sur-
rounding matrix. Fibres are arranged in a regular lattice deter-
mined by two families of parallel lines, respectively, parallel to
the x1-axis, and forming an angle u with the latter, as sketched
in Fig. 1(a). This geometrical set up can be interpreted as a two
dimensional array of unit cells, developing periodically along the
x1 and u directions. The unit cell, i.e., the micro-structure of the
composite, can be appreciated in Fig. 1(b). The cell sides measure
L1 and L2, respectively, and the ﬁbre radius is R.
The effective material shear moduli are obtained here by
asymptotic homogenization: to this end, a family of problems is
introduced, indexed by a parameter e scaling the microstructure
(Fig. 1(a)). The homogenization limit is obtained by letting e go
to zero.
In the framework of antiplane shear deformations, the problem
of determining the longitudinal displacement ﬁeld we in the com-
posite domain is stated as follows:
divðGrweÞ ¼ 0; in Xfe [Xme ; ð1Þ
sGrwe  mt ¼ 0; on Ce; ð2Þ
Grwe  m ¼ 1e Dswet; on Ce: ð3Þ
Here Xfe and X
m
e denote ﬁbre and matrix domains, respectively, Ce
is the ensemble of ﬁbre-matrix interfaces, m is the normal unit vec-
tor to Ce pointing into X
m
e , and square brackets s  t denote the jump
of the enclosed quantity across the interface, deﬁned as extra-ﬁbre
value minus intra-ﬁbre value.
Eq. (1) is the ﬁeld equilibrium equation; Eq. (2) accounts for
equilibrium at the ﬁbre-matrix interface, stipulating the continuity
of the normal-to-interface component of the shear stress; and Eq.
(3) describes the interface constitution law. These equations must
be complemented by suitable boundary conditions on the bound-
ary of the domain X ¼ Xfe [ Ce [Xme , but their speciﬁcation is
immaterial for the present treatment.
Fibres and matrix are assumed to be linear elastic, and their
shear moduli are collected in the constitutive tensor G, which spe-
cializes in
G ¼ Gf ; in Xfe; G ¼ Gm; in Xme : ð4Þ
The matrix material is homogeneous and isotropic, so that
Gm ¼ GmI, with I the second order identity tensor and Gm the matrix
shear modulus. Fibres are made of a linear elastic, cylindrically-
orthotropic material whose moduli are functionally-graded along
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picted in Fig. 1(b), the ﬁbre elasticity tensor is:
Gf ¼ Grer  er þ Gheh  eh
 
gðqÞ; ð5Þ
where
q ¼ r
R
ð6Þ
is the radial dimensionless coordinate, er and eh are the radial and
tangential unit vectors, respectively,  denotes the tensor product,
and the dimensionless function gðqÞ expresses the material grading
law along the radial direction. Accordingly, Grgð0Þ and Ghgð0Þ
[respectively, Grgð1Þ and Ghgð1Þ] are the radial and tangential shear
moduli at the ﬁbre axis [respectively, boundary].
Fibre-matrix interfaces are assumed to have zero-thickness and
to be imperfect. The linear spring-layer model, linearly relating the
displacement discontinuity swet to the interface traction Grwe  m,
in terms of the spring constant parameter D is adopted (Lene and
Leguillon, 1982; Hashin, 1991; Bigoni et al., 1998). As a matter of
fact, interfaces have a physical thickness t which, though much
smaller than the microstructural length scales L1 and L2 to justify
the present zero-thickness model, rescales as the latter ones during
the homogenization process (Fig. 1(a)). Recalling that the corre-
sponding interface parameter is inversely proportional to the inter-
face thickness, the e1 scaling of the interface parameter in the
homogenization limit follows (Lene and Leguillon, 1982; Amar
et al., 2006).
In order to guarantee the well posedness of the above problem,
the following hypotheses are assumed:
Gm > 0; Gr > 0; Gh > 0; D > 0; gðqÞ > 0; in ð0;1: ð7Þ2.1. Homogenized equilibrium equation
The asymptotic homogenization method is employed to derive
the homogenized or effective constitutive tensor of the composite
material. It is only sketched here for the sake of completeness. The
interested Reader may refer, e.g., to Bensoussan et al. (1978) and
Sanchez-Palencia (1980).
As shown in Fig. 1(a), two different length scales characterize
the problem under consideration. Hence, two different space vari-
ables are introduced: the macroscopic one, x, and the microscopic
one, y ¼ x=e; y 2 Q , being Q the unit cell (see Fig. 1(b)), whose in-
tra-ﬁbre space, extra-ﬁbre space and ﬁbre–matrix interface are de-
noted by Q f ; Qm and C, respectively. Accordingly, the divergence
and gradient operators are given by the following relations:
div ¼ divx þ 1e divy; r ¼ rx þ
1
e
ry: ð8Þ
An asymptotic expansion of the unknown displacement ﬁeld is con-
sidered in the form:
weðx; yÞ ¼ w0ðx; yÞ þ ew1ðx; yÞ þ e2w2ðx; yÞ þ    ; ð9Þ
where w0; w1; w2 are Q-periodic functions in y, and w1; w2 have
null integral average over Q. Substituting (9) into Problem (1)–(3)
and equating the power-like terms of e, three differential problems
for w0; w1 and w2 are obtained, respectively. The problem for w0 is:
divyðGryw0Þ ¼ 0; in Q f [ Qm; ð10Þ
sGryw0  mt ¼ 0; on C; ð11Þ
Gryw0  m ¼ Dsw0t; on C: ð12Þ
Problem (10)–(12), taking into account (7), implies that w0 ¼ w0ðxÞ
(Lene and Leguillon, 1982). The problem for w1 is:divy½Gðryw1 þrxw0Þ ¼ 0; in Q f [ Qm; ð13Þ
sGðryw1 þrxw0Þ  mt ¼ 0; on C; ð14Þ
Gðryw1 þrxw0Þ  m ¼ Dsw1t; on C: ð15Þ
The unknown function w1 is represented in the form (Bensoussan
et al., 1978; Sanchez-Palencia, 1980):
w1ðx; yÞ ¼ vðyÞ  rxw0ðxÞ; ð16Þ
where the cell function vðyÞ has been introduced. Its components
vh; h ¼ 1;2, are the unique, null average, Q-periodic solutions of
the cell problem:
divy½Gðryvh  ehÞ ¼ 0; in Q f [ Qm; ð17Þ
sGðryvh  ehÞ  mt ¼ 0; on C; ð18Þ
Gðryvh  ehÞ  m ¼ Dsvht; on C; ð19Þ
where eh is the unit vector parallel to the yh-axis.
Finally, the problem for w2 is obtained:
divy½Gðryw2 þrxw1Þ ¼ divx½Gðryw1 þrxw0Þ;
in Q f [ Qm; ð20Þ
sGðryw2 þrxw1Þ  mt ¼ 0; on C; ð21Þ
Gðryw2 þrxw1Þ  m ¼ Dsw2t; on C: ð22Þ
Integrating (20) both in Q f and in Qm, using the Gauss–Green Lem-
ma, adding the two contributions and exploiting (21), the following
equation is obtained:
1
jQ j
Z
Q f[Qm
divx½Gðryw1 þrxw0Þda ¼ 0; ð23Þ
where da is the area element of Q f [ Qm and j  j is the Lebesgue
measure. Substituting (16) into (23), the homogenized equation
for the macroscopic displacement w0 is ﬁnally derived:
divx G
#rxw0
  ¼ 0: ð24Þ
Here rxw0 is the macroscopic shear strain, and
G# ¼ 1jQ j
Z
Q f[Qm
G I rtyv
 
da ð25Þ
is the effective constitutive tensor, where the superscript ‘t’ denotes
the transpose. Using the Gauss–Green Lemma, (25) is transformed
into:
G# ¼ ð1 f ÞGm þ 1jQ j
Z
Q f
Gf daþ 1jQ j
Z
Q f
divyG
f
 
 vda
þ 1jQ j
Z
C
sGm  vtdl; ð26Þ
where f ¼ pR2=jQ j is the ﬁbre volume fraction, and dl is the line ele-
ment of C. The preceding equation for G# can be rewritten in terms
of the auxiliary cell function:
~v ¼ v ðy1e1 þ y2e2Þ ð27Þ
as follows:
G# ¼ Gm þ 1jQ j
Z
Q f
divyG
f
 
 ~vdaþ 1jQ j
Z
C
sGm  ~vtdl: ð28Þ
Eq. (28) yields the effective shear moduli of the composite material
in terms of the solution v of the cell problem. The cell function is
involved with the particular form assumed for Gf and, in the follow-
ing sections, is derived in closed form for a set of different choices of
the ﬁbre constitutive law.
In applications, a central role is played by the local shear stress
se ¼ Grwe in the composite. The leading-order term of its asymp-
totic expansion turns out to be:
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 
½rxw0: ð29Þ
This expression will be used in Section 5.4, dealing with stress con-
centration issues.
3. Cell problem
3.1. Fourier series representation
The general solution of the ﬁeld equation (17) is obtained via
the following Fourier series representation:
 in the isotropic, homogeneous matrix subdomain Qm
vhðr; hÞjQm :¼ vmh ðr; hÞ ¼ yh þR
Xþ1
k¼1
o bkhqkeikh
" #
; ð30Þ
 in the cylindrically orthotropic, radially-graded ﬁbre subdomain
Q f
vhðr; hÞjQ f :¼ vfhðr; hÞ ¼ yh þR
Xþ1
k¼1
o akhWkðqÞeikh
" #
: ð31Þ
Here i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; the symbol R denotes the real part; the sums
affected by the apex o, are extended over odd indices only, since
the microstructure considered herein (Fig. 1) is centre symmetric
with respect to the origin O, so that the solution v satisﬁes the
property:vðr; hÞ ¼ vðr; hþ pÞ: ð32Þ
Moreover, the sum in (31) is extended over positive indices only, in
order to enforce the regularity of vh near O 2 Q f . The functions
WkðqÞ solve the problem:
W 00k þ
g0
g
þ 1
q
 
W 0k 
r2k2
q2
Wk ¼ 0; in ð0;1Þ; ð33Þ
Wkð0Þ ¼ 0; ð34Þ
Wkð1Þ ¼ 1; ð35Þ
where (34) is a regularity requirement on Wk, (35) is a normaliza-
tion condition, r2 ¼ Gh=Gr is the anisotropy ratio, and an apex de-
notes differentiation with respect to q. Finally, the quantities
akh; bkh; bðkÞh; k ¼ 1; . . . ;þ1, odd k, are complex constants which
are determined in Sections 3.2 and 3.3, by exploiting the interface
boundary conditions (18) and (19) onC and the periodicity require-
ment on oQ .
3.2. Interface boundary condition
Substituting the representations (30) and (31) into the interface
boundary conditions (18) and (19), the following equations are ob-
tained, for odd k, and h ¼ 1;2:
GmkR1 bkh  bðkÞh
  ¼ Grgð1ÞW 0kð1ÞR1akh; ð36Þ
D bkh þ bðkÞh  akh
  ¼ Grgð1ÞW 0kð1ÞR1akh; ð37Þ
where an overbar denotes the complex conjugate. Eqs. (36) and (37)
allow to express the unknown coefﬁcients akh and bkh as functions
of bðkÞh, as follows:
akh ¼ kkbðkÞh; bkh ¼ ckbðkÞh; ð38Þ
where
kk ¼ 2RD½G
rgð1Þ1
kþ wk
k
W 0kð1Þ
; ck ¼
kþ wþk
kþ wk
; ð39Þbeing
wk ¼ RD
k
W 0kð1Þ
½Grgð1Þ1  ðGmÞ1
	 

: ð40Þ3.3. Periodicity condition
The cell function v is Q-periodic, i.e., it satisﬁes:
vmðy1 þ L1; y2Þ ¼ vmðy1; y2Þ ¼ vmðy1 þ L2 cosu; y2 þ L2 sinuÞ:
ð41Þ
This periodicity requirement is enforced by identifying the repre-
sentation (30) valid in the matrix domain with a linear combination
of doubly-periodic basis functions deﬁned in terms of the complex
variable
z ¼ y1 þ iy2
L1
¼ re
ih
L1
¼ bRqeih; ð42Þ
where bR ¼ R=L1 is the dimensionless ﬁbre radius. Accordingly, the
relevant semi-periods are:
x1 ¼ 12 ; x2 ¼
j
2
eiu; ð43Þ
where j ¼ L2=L1 is the side ratio of the unit cell. More speciﬁcally,
the following equation is implemented:
vmh ¼
Xþ1
s¼1
o
X2
l¼1
wslhR½BslðzÞ; ð44Þ
where the coefﬁcients wslh are real unknowns and the functions
BslðzÞ are chosen in two different ways.
The most common approach, tracing back to the classical Ray-
leigh (1892) multipole expansion method (Perrins et al., 1979) re-
lies on the theory of elliptic functions (Whittaker and Watson,
1927). Accordingly, the following choice is made (Kalamkarov,
1992; Meguid and Kalamkarov, 1994; Rodríguez-Ramos et al.,
2001; Bisegna and Caselli, 2008):
BslðzÞ ¼
glzþxlfðzÞ if s ¼ 1; l ¼ 1;2;
xl f
ðs1ÞðzÞ
ðs1Þ! for s > 1; odd s; l ¼ 1;2;
8<: ð45Þ
where fðzÞ denotes the Weierstrass Zeta function of semiperiods
x1; x2. It is odd and quasi-periodic, that is:
fðzþ 2xkÞ ¼ fðzÞ þ 2gk; ð46Þ
with k ¼ 1;2 and gk ¼ fðxkÞ. The latter quantities are linked to the
semiperiods x1; x2 by Legendre’s relationship:
g1x2  g2x1 ¼
1
2
pi: ð47Þ
Using (46) and (47), and recalling that the derivatives of fðzÞ are
elliptic functions, it is easy to verify that the basis functions
R½BslðzÞ are indeed doubly periodic, with semiperiods x1; x2. Only
odd functions BslðzÞ are introduced here, due to condition (32).
In the cited literature, the unit cell is symmetric with respect to
the y1 and y2 axes. This implies evenness or oddness properties for
the cell function vmh , which is consequently represented by the sub-
set of the functions (45) corresponding to l ¼ 1 or l ¼ 2 only. In this
work no such symmetry is assumed, and hence the whole set (45)
is considered.
A different choice for the functions BslðzÞ is also considered here,
coinciding with the one proposed by Parnell and Abrahams (2006)
if the geometry is rectangular, i.e., u ¼ p=2:
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U1ðz;x1;x2Þ if ðs; lÞ ¼ ð1;1Þ;
U1 eiuz; eiux2; eiux1
 
if ðs; lÞ ¼ ð1;2Þ;
Usðz;x1;x2Þ for s > 1;odd s; l ¼ 1;
iUsðz;x1;x2Þ for s > 1;odd s; l ¼ 2:
8>><>>:
ð48Þ
Here
U1ðz;x1;x2Þ ¼ p2x1 cot
pz
2x1
þ p
2x1

Xþ1
n¼1
cot
p
2x1
ðz 2nx2Þ þ cot p2x1 ðzþ 2nx2Þ
 
;
ð49Þ
where the n terms in the sum are paired to ensure convergence
(Parnell and Abrahams, 2006), and, for s > 1, odd s:
Usðz;x1;x2Þ ¼ p2x1
 s Xþ1
n¼1
cos p2x1 ðzþ 2nx2Þ
sins p2x1 ðzþ 2nx2Þ
: ð50Þ
In the preceding as well, only odd functions BslðzÞ are introduced,
due to condition (32).
The identiﬁcation of (30) and (44) is easily obtained by consid-
ering the Laurent series of each function BslðzÞ, having a pole of or-
der s at z ¼ 0, as follows:
BslðzÞ ¼
Xs
k¼1
o mksl
zk
þ
Xþ1
k¼1
onkslz
k; ð51Þ
where mksl and nksl are the series coefﬁcients of the singular and reg-
ular part of BslðzÞ, respectively. The ﬁrst sum at the right-hand side
of (51) is extended to þ1, by setting mksl ¼ 0 for k > s. Hence, (44) is
transformed into:
vmh ¼ R
Xþ1
k¼1
o
Xþ1
s¼1
o
X2
l¼1
mkslwslh
 !
zk þ
Xþ1
k¼1
o
Xþ1
s¼1
o
X2
l¼1
nkslwslh
 !
zk
" #
;
ð52Þ
which, recalling (42), is compared term-by-term to (30) and yields,
for odd natural numbers k:
bRkbðkÞh ¼Xþ1
s¼1
o
X2
l¼1
mkslwslh; ð53Þ
bRkbkh þ L1chdk1 ¼Xþ1
s¼1
o
X2
l¼1
nkslwslh: ð54Þ
Here d is the Krönecker symbol, and
ch ¼
1 if h ¼ 1;
i if h ¼ 2;
	
ð55Þ
so that yh ¼ RðchreihÞ.
3.4. Solution of the cell problem and effective constitutive tensor
The solution of the cell problem is achieved by substituting (53)
and (54) into the interface boundary condition (38)2, leading to:
bRkXþ1
s¼1
o
X2
l¼1
nkslwslh  Rchdk1 ¼ ckbRkXþ1
s¼1
o
X2
l¼1
mkslwslh: ð56Þ
Making the position (Nicorovici et al., 1993)
qslh ¼
ﬃﬃ
s
p
bRs wslh; ð57Þ
the following inﬁnite set of linear algebraic equations is obtained,
for odd natural numbers k:Xþ1
s¼1
o
X2
l¼1
ﬃﬃﬃ
k
s
r
ckbRskmksl  bRkþsnksl qslh ¼ Rchdk1: ð58Þ
Taking the real and imaginary parts of the latter allows to compute
the real unknowns qslh, which in turn determine wslh via (57), bðkÞh
via (53), and bkh, akh via (38). Hence, the cell functions vmh ; vfh are
computed by (30) and (31).
Of course, it is necessary to truncate the system (58) to a ﬁnite
order N, amounting to taking into account a ﬁnite number of coef-
ﬁcients in the representations (30) and (31). It is shown in Section 5
that taking N of the order of units yields satisfactory results for vol-
ume-fraction values of practical interest.
Finally, the effective material tensor G# follows from (28). After
some algebra, it turns out that:
G#hj ¼ Gmdhj þ
f
R
R Gm chb1j þ chb1j
  GrWcha1j ; ð59Þ
with
W ¼ gð1Þ 
Z 1
0
½qg0ðqÞ þ ð1 r2ÞgðqÞW1ðqÞdq
¼
Z 1
0
gðqÞ½qW 01ðqÞ þ r2W1ðqÞdq: ð60Þ
For a general grading proﬁle, the above coefﬁcientW, as well as the
coefﬁcients W 0kð1Þ entering (39) and (40), can be computed via
numerical integration of (33)–(35). However, closed-form solutions
to the latter problem for large families of grading proﬁles are pre-
sented in Section 4.
3.5. Weierstrass basis functions
An asset of theWeierstrassian approach (45) to the construction
of the doubly-periodic basis functions R½BslðzÞ is that the coefﬁ-
cients mksl; nksl entering (51) are easily computed. Indeed, the Lau-
rent series expansion of fðzÞ is:
fðzÞ ¼ 1
z

Xþ1
k¼2
ck
z2k1
2k 1 ; ð61Þ
where ck; kP 2 is given by the following rapidly convergent Fou-
rier series (Apostol, 1997):
ck
2k 1 ¼ 2ð2x1Þ
2k fRð2kÞ þ
ð2piÞ2k
ð2k 1Þ!
Xþ1
n¼1
r2k1ðnÞe2pinx2=x1
" #
:
ð62Þ
Here fRðaÞ ¼
Pþ1
n¼1n
a is the Riemann Zeta function, and
raðnÞ ¼
P
ljnl
a is the divisor function. Accordingly, the Laurent series
expansion of the ðs 1Þth derivative of fðzÞ; sP 1, odd s, is:
fs1ðzÞ
ðs 1Þ! ¼ z
s 
Xþ1
k¼1
olksz
k; ð63Þ
where for odd natural numbers k, s,
lks ¼
1
kþ s 1
kþ s 1
s 1
 
ckþs
2
: ð64Þ
Here round brackets denote the binomial coefﬁcient, and it has
been stipulated that c1 ¼ 0 for ease of notation. Hence, from (45),
(51) and (63), it follows that:
mksl ¼ xldks; nksl ¼ xllks  gldk1ds1: ð65Þ
The special structure of mksl is due to the fact that the Laurent expan-
sion of fðs1ÞðzÞ has the only singular term zs, according to (63). This
implies that the multipole contribution of order s comes from the
basis functions R½Bs1ðzÞ and R½Bs2ðzÞ only: this is a very useful
388 E. Artioli et al. / International Journal of Solids and Structures 47 (2010) 383–397feature, leading to a noteworthy simpliﬁcation of the foregoing the-
ory. In particular, (53) reduces to:
bRkbðkÞh ¼X2
l¼1
xlwklh; ð66Þ
whereas (58) reduces to:
ck
X2
l¼1
xlqklh þ
Xþ1
s¼1
oSks
X2
l¼1
xlqslh þ dk1bR2X2
l¼1
glq1lh ¼ Rchdk1; ð67Þ
where Sks ¼ lksbRkþs ﬃﬃﬃﬃﬃﬃﬃk=sp turns out to be a symmetric matrix (Nicor-
ovici et al., 1993). Then, substituting (38), (66) and (57) into (59),
the following expression for the effective material tensor is
obtained:
G# ¼ GmI  f 1þ c11
 
Gm Wk1c11 Gr
 
H; ð68Þ
where the tensor H is deﬁned by:
Hhj ¼  c1R
X2
l¼1
RðchxlÞq1 lj: ð69Þ
Simple closed-form formulas for H, and hence for G#, are obtained
by truncating the inﬁnite system (67) to the order N ¼ 1 or 2. In
particular, for N ¼ 1 it follows that:
H ¼
I þ 2fc1 U þ
p1 f
c1
Kg1
1þ 2fc1 þ
p2 f 2
c21
; ð70Þ
whereas for N ¼ 2 it turns out that:
H ¼
1 p3f 4c1c3 
p4 f
6
c23
 
I þ 2fc1 
2p4 f 7
d1c23
 
U þ p1fc1 
2p5 f 7
c1c23
 
Kg1 þ p6f
7
c1c23
Kl2
13
l33
1þ 2fc1 þ
p2 f 2
c21
 2p3f 4c1c3 
2p3 f 5
c21c3
 p4 f 6c23 
2p4f 7
c1c23
þ p7f 8c21c23
:
ð71Þ
In (70) and (71) the following positions are made:
p1 ¼ ð2=pÞj sinu; p2 ¼ ð4=p2Þ pRg1  jg1j2j sinu
 
j sinu;
p3 ¼ jl13j2ðj sinuÞ4=ð3p4Þ; p4 ¼ jl33j2ðj sinuÞ6=p6;
p5 ¼ jl33j2ðj sinuÞ7=p7; p6 ¼ ðj sinuÞ7=ð3p7Þ;
p7 ¼ ½jl13j4 þ 36jg1j2jl33j2  12R l213 l33g1
 ðj sinuÞ8=ð9p8Þ
þ 2 R l213l33
  6jl33j2Rg1h iðj sinuÞ7=ð3p7Þ;
ð72Þ
and, for a complex number q with real and imaginary parts
Rq and Iq, respectively,
Kq ¼
Rq Iq
Iq Rq
 
; U ¼ 1 0
0 0
 
: ð73Þ
It is pointed out that the quantities p1; . . . ;p7 and the tensors Kg1 ,
Kl213l33 depend on the geometry of the unit cell only, i.e., on j and
u. Indeed, g1 and lks are easily computed as functions of the latter
quantities, as recalled above. The material properties enter Eqs. (71)
and (68) through the quantities ck; k1; G
m; Gr; W. The dependence
on the volume fraction f is explicitly traced.
The range of validity of the expressions (70) and (71) is ascer-
tained in Section 5.
3.5.1. Special ﬁbre arrangements
The ﬁbre arrangement considered herein (Fig. 1) is centre sym-
metric with respect to the origin O, so that the cell function v sat-
isﬁes (32). For special choices of the microstructural parameters j
and u, the ﬁbre arrangement shares two axes of orthogonal sym-
metry, a feature which greatly simpliﬁes the analysis. It is easy
to verify that such choices include: u ¼ p=2 and any j (rectangular unit cell), or
 j ¼ 1 and any u (rhombic unit cell), or
 2j cosu is an integer number, or
 2j1 cosu is an integer number.
The most interesting situation for applications is the ﬁrst one,
which is brieﬂy considered in this section.
Assuming u ¼ p=2 implies that x1; g1 and the coefﬁcients lks
are real, whereas x2; g2 are purely imaginary (Abramowitz and
Stegun, 1965). Consequently, Eq. (67) yields two uncoupled sys-
tems. In particular, the real [respectively, imaginary] part of (67)
involves the unknowns qk1h [respectively, qk2h], and yields
qk12 ¼ 0 [respectively, qk21 ¼ 0], so that, according to (68) and
(69), the tensors H and G# turn out to be diagonal, as expected.
Moreover, (67) is simpliﬁed into:
I þ
bR2gh
c1 xh
u uþ ð1Þh1SC1
 !
Cq ¼ Rch
xh
u; ð74Þ
for h ¼ 1;2, where the unknowns qkhh, odd k, have been arranged
into a vector q, I is the identity matrix, the vector u has the only
nonzero element u1 ¼ 1, C is a diagonal matrix having diagonal en-
tries ck deﬁned in (39), and S is the symmetric matrix with entries
Sks. By truncating the inﬁnite system (74) to a ﬁnite order N, and
applying Cramer’s rule and standard properties of determinants, it
turns out that:
2ghR
chL
2
1
q1hh ¼ 1
det I  bR2ghc1 xh u uþ ð1Þh1SC1
 
N
det I þ bR2ghc1 xh u uþ ð1Þh1SC1
 
N
; ð75Þ
where det denotes the determinant and the sufﬁx N denotes the
truncation to the order N. Then, recalling (69) and the deﬁnitions
of S, C, u, and expanding the determinants appearing in (75)
(Bisegna and Caselli, 2008, Appendix B), the following closed-form
expression for Hhh; h ¼ 1;2, to any truncation order N is obtained:
2ð1Þh1jghf
pxhc1
Hhh ¼ 1
c1
PN
n¼0
P
I2NCn detMI;Ið Þ
ð1Þh1jf
p
 jIjQ
k2Iðck Þ1
cþ1
PN
n¼0
P
I2NCn ðdetMI;IÞ
ð1Þh1jf
p
 jIjQ
k2Iðcþk Þ1
:
ð76Þ
Here ck ¼ ck, odd k, with the exception of c1 ¼ c1  bR2gh=
xh ¼ c1  ð1Þh1jghf=ðpxhÞ; NCn is the set of the combinations
of the N odd indices f1;3; . . . ;2N  1g taken n at a time; M is the
matrix with elements lks deﬁned in (64), for odd k, s; MI;I is the
principal minor of M corresponding to the rows and the columns
with index in the subset I; ﬁnally, jIj is the sum of the elements of
I. It is stipulated that detMI;I ¼ 1 and
Q
k2Iðck Þ1 ¼ 1, if I is the
empty set. The values of gh; lks can be calculated as recalled in Sec-
tion 3.5, or Table 18.3 of Abramowitz and Stegun (1965).
The formula obtained by taking N ¼ 1 [respectively, 2] in (76)
coincides with (70) [respectively, (71)], when u ¼ p=2 is enforced
in the latter. On the other hand, (76) reduces to well-known formu-
las for square ﬁbre arrangements, when j ¼ 1 and small values of
N are taken (Rayleigh, 1892; Perrins et al., 1979; Gu and Liu, 1992).
To the authors’ knowledge, the closed-form formulas (70) and (71)
for general ﬁbre arrangements, and expression (76) for rectangular
ﬁbre arrangements, are presented here for the ﬁrst time.4. Fibre grading proﬁles
In this section, closed-form solutions Wk of Problem (33)–(35)
are derived for different grading proﬁles gðqÞ.
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For homogeneous cylindrically-orthotropic ﬁbres, i.e., gðqÞ ¼ 1,
Eqs. (33)–(35) imply
WkðqÞ ¼ qrk; ð77Þ
so thatW 0kð1Þ ¼ rk and W ¼ r. If, moreover, ﬁbres are transversely-
isotropic (i.e., Gr ¼ Gh, viz. r ¼ 1Þ, it turns out thatW 0kð1Þ ¼ k; W ¼ 1
(Perrins et al., 1979; Gu and Liu, 1992; Rodríguez-Ramos et al.,
2001).
4.2. Exponentially-graded ﬁbres
The grading function
gðqÞ ¼ expðkqqÞ; ð78Þ
with k and q > 0 material parameters, is considered. It was studied
by Martin (2002) with reference to spherical inclusions. The partic-
ular case q ¼ 1 was treated in Chen and Kuo (2005) and Wei et al.
(2006).
Substituting (78) in (33) gives
W 00k þ
1 kqqq
q
 
W 0k 
r2k2
q2
Wk ¼ 0: ð79Þ
Introducing the change of variables
z ¼ kqq; wk ¼ qrkWk; ð80Þ
Kummer’s differential equation is obtained (Abramowitz and Ste-
gun, 1965):
zw00k þ ðbk  zÞw0k  akwk ¼ 0; ð81Þ
where
ak ¼ rkq ; bk ¼ 1þ
2rk
q
: ð82Þ
Hence, recalling (34) and (80), it follows that (Abramowitz and Ste-
gun, 1965):
WkðqÞ ¼ qrk 1F1ða; b; kq
qÞ
1F1ða; b; kÞ : ð83Þ
Here 1F1 is Kummer’s function, deﬁned by:
1F1ða; b; zÞ ¼
Xþ1
n¼0
ðaÞn
ðbÞn
zn
n!
; ð84Þ
provided that b is not a nonnegative integer, and the Pochhammer
symbol ðaÞn is given by
ðaÞn ¼
Cðaþ nÞ
CðnÞ ; ðaÞ0 ¼ 1; ð85Þ
whereC denotes the Gamma function. Using the differentiation for-
mula for 1F1 (Abramowitz and Stegun, 1965), it follows that:
W 0kð1Þ ¼ rkþ qk
a
b
1F1ðaþ 1; bþ 1; kÞ
1F1ða; b; kÞ : ð86Þ
The factorW can be computed from (60) via numerical quadrature.
4.3. Special-function graded ﬁbres
New wide classes of grading functions allowing closed-form
solutions are derived in this section. Setting
WkðqÞ ¼ wkðqÞhðqÞ ; ð87Þ
with hðqÞ a function to be chosen, transforms (33) into:w00k þ
1
q
þ g
0
g
 2h
0
h
 
w0k þ 
h00
h
 h
0
h
1
q
þ g
0
g
 2h
0
h
 
 r
2k2
q2
" #
wk ¼ 0:
ð88Þ
If h is chosen such that h ¼ ﬃﬃﬃgp , then it turns out that
g0=g  2h0=h ¼ 0, and the above equation simpliﬁes into:
w00k þ
1
q
w0k þ 
h00
h
 1
q
h0
h
 r
2k2
q2
 !
wk ¼ 0: ð89Þ
Hence, if h solves the equation:
h00 þ 1
q
h0 þ Hh ¼ 0; ð90Þ
where HðqÞ is a function to be chosen, then wk solves the equation:
w00k þ
1
q
w0k þ H 
r2k2
q2
 !
wk ¼ 0: ð91Þ
The goal is then to select H such that both (90) and (91) admit
closed-form solutions. Surprisingly simple and elegant choices are
presented below.
4.3.1. Squared-Bessel graded ﬁbres
Eqs. (90) and (91) reduce to classical Bessel equations, up to a
scaling of the independent variable, when
H ¼ k2  m
2
q2
; ð92Þ
where k > 0 and mP 0 are arbitrary constants. Hence, the functions
h and wk introduced above turn out to be Bessel functions. Conse-
quently, it follows that the grading function:
g ¼ J2mðkqÞ; respectively; g ¼ Y2mðkqÞ
h i
; ð93Þ
where Jm [respectively, Ym] is the ﬁrst-kind [respectively, second-
kind] Bessel function, yields the closed-form solution:
Wk ¼ JmðkÞJmk ðkÞ
Jmk ðkqÞ
JmðkqÞ
; respectively; Wk ¼ YmðkÞJmk ðkÞ
Jmk ðkqÞ
YmðkqÞ
" #
;
ð94Þ
where mk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2 þ r2k2
p
. It satisﬁes both the regularity requirement
(34) and the normalization condition (35). The quantity W 0kð1Þ
entering (39) turns out to be:
W 0kð1Þ ¼ ðmk  mÞ  k
Jmkþ1ðkÞ
Jmk ðkÞ
 Jmþ1ðkÞ
JmðkÞ
" #
; ð95Þ
for the ﬁrst choice in (93); the same expression, up to replacing
Jm and Jmþ1 with Ym and Ymþ1, respectively, holds for the second
choice. It is pointed out that the latter implies unbounded values
of the material elastic shear moduli near the ﬁbre axis.
It follows from (93) that the constant k must be less than the
ﬁrst positive zero of Jm [or Ym], for the antiplane shear problem to
be well posed, according to (7). In passing, it is noted that, choosing
H ¼ k2  m2=q2 instead of (92) leads to a grading proﬁle in the
form of a squared modiﬁed Bessel function of ﬁrst or second kind,
i.e., I2mðkqÞ or K2mðkqÞ.
To the best of the authors’ knowledge, the solutions presented
in this Section are new.
4.3.2. Squared-hypergeometric graded ﬁbres
A very broad class of grading functions yielding closed-form
solutions are obtained by resorting to the theory of Gaussian
hypergeometric functions. Indeed, Riemann’s form of the general-
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is (Abramowitz and Stegun, 1965):
u00 þ 1 a a
0
z
 1 c c
0
1 z
 
u0 þ aa
0
z
þ cc
0
1 z bb
0
 
u
zð1 zÞ ¼ 0;
ð96Þ
where ða;a0Þ; ðb; b0Þ and ðc; c0Þ are the respective pairs of the expo-
nents, linked by the relation:
aþ a0 þ bþ b0 þ cþ c0 ¼ 1: ð97Þ
Eq. (96) admits the solution:
u ¼ zað1 zÞc 2F1ðaþ bþ c;aþ b0 þ c;1þ a a0; zÞ; ð98Þ
where 2F1 is the hypergeometric function, which can be computed,
e.g., via the Gauss hypergeometric series, absolutely convergent in
fjzj < 1g:
2F1ða; b; c; zÞ ¼
Xþ1
n¼0
ðaÞnðbÞn
ðcÞn
zn
n!
ð99Þ
provided that c is not a nonnegative integer, with the Pochhammer
symbol deﬁned in (85).
Choosing aþ a0 ¼ 0; cþ c0 ¼ 1, and hence bþ b0 ¼ 0 by (97),
makes the ﬁrst two terms on the left-hand side of (96) coincide
with the corresponding terms of (90) and (91). This suggests that,
with a suitable choice of H, (90) can be formally reduced to (96).
Indeed, up to the scaling q ¼ z=k of the independent variable, this
is the case by choosing:
H ¼  a
2
kq
þ cð1 cÞ
1 kq þ b
2
 
k2
kqð1 kqÞ ; ð100Þ
where a, b, c and k are arbitrary constants. More interesting than
that, even (91) can be formally reduced to (96), since it turns out
that:
H  r
2k2
q2
¼  a
2
k
kq
þ cð1 cÞ
1 kq þ b
2
k
 
k2
kqð1 kqÞ ; ð101Þ
where
ak ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ r2k2
q
; bk ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ r2k2
q
: ð102Þ
Hence, it follows that:
h ¼ ðkqÞað1 kqÞc 2F1ðaþ bþ c;a bþ c;1þ 2a; kqÞ; ð103Þ
wk ¼ ðkqÞak ð1 kqÞc 2F1ðak þ bk þ c;ak  bk þ c;1þ 2ak; kqÞ:
ð104Þ
Consequently, for any grading g ¼ h2 parameterized by the four
arbitrary constants a, b, c and k appearing in (103), the closed-form
solution Wk ¼ Cwk=h is obtained. The regularity requirement (34)
and the normalization condition (35) can be, respectively, satisﬁed
by a suitable choice of the signs in (102) and of the multiplicative
constant C. The following noteworthy examples, some of which
are new in the literature, will help clarifying this point.
4.3.2.1. Power-law graded ﬁbres. Choosing b ¼ a; c ¼ 0 and k ¼ 1,
with arbitrary a, the following grading is obtained:
gðqÞ ¼ q2a; ð105Þ
which yields the closed-form solution:
Wk ¼ qaka; ð106Þ
with ak ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ r2k2
p
. Hence,
W 0kð1Þ ¼ ak  a; W ¼
r2 þ a1  a
1þ a1 þ a : ð107ÞIf a ¼ 0, the values for homogeneous ﬁbres (Section 4.1) are recov-
ered. It is noted that, with the grading (105), (33) becomes an Euler
equation, directly yielding (106). This grading proﬁle has been
repeatedly considered in the literature (e.g., Gu and Yu, 2003).
4.3.2.2. Binomial-power-law graded ﬁbres. The choice a ¼ 0; b ¼
c ¼ m=2 with arbitrary m leads to:
gðqÞ ¼ ð1 kqÞm: ð108Þ
The parameter k is assumed to be less than 1, so that g does not van-
ish for q 2 ½0;1. The case k ¼ 0 implies homogeneous ﬁbres. If
0 < k < 1, the following closed-form solution is obtained:
WkðqÞ ¼ CðkqÞak 2F1ðak þ bk þ c;ak  bk þ c;1þ 2ak; kqÞ; ð109Þ
with ak ¼ rk;bk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2=4þ r2k2
q
, and C chosen in order to fulﬁll the
normalization condition (35). The factor W 0kð1Þ can be computed
using the differentiation formula for 2F1 (Abramowitz and Stegun,
1965).
If k < 0; kq is negative for q 2 ½0;1, and its modulus need not
be upper bounded by 1. Hence, the representation (99) may not
converge. The following Bolza’s formula (Abramowitz and Stegun,
1965) is employed instead:
2F1ða; b; c; zÞ ¼ ð1 zÞa 2F1 a; c  b; c; zz 1
 
: ð110Þ
In fact, the right-hand side of (110) converges for Rz < 12
 
when
computed via (99) (Tricomi, 1965). Hence, from (109) and (110),
it follows that:
WkðqÞ ¼ Cð1 kqÞbkc kq1 kq
 ak
 2F1 ak þ bk þ c;1þ ak þ bk  c;1þ 2ak;
kq
1 kq
 
:
ð111Þ
As in the previous case, the constant C is chosen in order to fulﬁll
the normalization condition (35), and the factor W 0kð1Þ is computed
similarly.
The grading proﬁle (108) was considered by Gu and Yu (2003),
in the particular case m ¼ 1. In turn, when k < 0, it is a particular
case of the grading proﬁle treated in Wei et al. (2006) by power
series.
4.3.2.3. New families of grading proﬁles allowing closed-form solu-
tions. Many more solutions can be generated by (103) and (104).
As an example, choosing a, b, c such that aþ bþ c or a bþ c is
a negative integer n, the hypergeometric series (99) stops to its
nth term, reducing to a polynomial. In particular,
 choosing a ¼  14 ; b ¼ n; c ¼ 14, and recalling that
2F1ðn;n; 12 ; xÞ ¼ Tnð1 2xÞ, it follows that the grading
gðqÞ ¼ ðkqÞ12ð1 kqÞ12 T2nð1 2kqÞ, where Tn denotes the Cheby-
shev polynomial of order n, yields the closed-form solution:
WkðqÞ ¼ C ðkqÞ
akþ142F1 ak þ bk þ c;ak  bk þ c;1þ 2ak; kqð Þ
Tnð1 2kqÞ ;
ð112Þ
 choosing a ¼ 0; b ¼ n 12 ; c ¼ 12, and recalling that
2F1ðn;nþ 1;1; xÞ ¼ Pnð1 2xÞ, it follows that the grading
gðqÞ ¼ ð1 kqÞP2nð1 2kqÞ, where Pn denotes Legendre’s poly-
nomial of order n, yields the closed-form solution:
WkðqÞ ¼ C
ðkqÞrk2F1 rkþ bk þ 12 ;rk bk þ 12 ;1þ 2rk; kq
 
Pnð1 2kqÞ :
ð113Þ
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Jacobi’s polynomials Pða;bÞn can be easily derived, recalling that
2F1ðn;nþ 2a;aþ 12 ; xÞ ¼ n!CðaÞn ð1 2xÞ=ð2aÞn, and 2F1ðn;aþ 1þ
bþ n;aþ 1; xÞ ¼ n!Pða;bÞn ð1 2xÞ=ðaþ 1Þn, respectively (Abramo-
witz and Stegun, 1965). In these equations, ak ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ r2k2
p
,
bk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ r2k2
q
and C is chosen in order to fulﬁll the normaliza-
tion condition (35). The parameter k must be chosen such that
gðqÞ > 0 in (0,1], according to (7).
Moreover, exploiting the special elementary cases of Gauss ser-
ies (99), closed-form solutions for Wk are obtained with other ele-
mentary grading proﬁles, including, e.g., the following:
 choosing a ¼ c ¼ 12 ; b ¼ 0, and recalling that 2F1ð1;1;2; xÞ ¼
x1 logð1 xÞ, it follows that the grading gðqÞ ¼ ðkqÞ1
ð1 kqÞlog2ð1 kqÞ, yields the closed-form solution:WkðqÞ ¼ C
ðkqÞakþ122F1 ak þ rkþ 12 ;ak  rkþ 12 ;1þ 2ak; kq
 
 logð1 kqÞ ;
ð114Þ
 choosing a ¼ c ¼ 14, b ¼ 0, and recalling that 2F1 12 ; 12 ; 32 ; x2
  ¼
x1 arcsin x, it follows that the grading gðqÞ ¼ ðkqÞ12
ð1 kqÞ12arcsin2 ﬃﬃﬃﬃﬃﬃkqp , yields the closed-form solution:WkðqÞ ¼ C
ðkqÞakþ142F1 ak þ rkþ 14 ;ak  rkþ 14 ;1þ 2ak; kq
 
arcsin
ﬃﬃﬃﬃﬃﬃ
kq
p  :
ð115Þ
Other special elementary cases of Gauss series can be found in
Abramowitz and Stegun (1965).
It is pointed out that the previous examples are only chosen
for illustrative purposes: any grading proﬁle gðqÞ ¼ h2ðqÞ, for
hðqÞ given in (103) with any choice of the constants a; b; c; k sat-
isfying (7), receives its closed-form solution WkðqÞ ¼ wkðqÞ=hðqÞ
according to (87), where wkðqÞ is given by (104). To the best of
the authors’ knowledge, these solutions appear here for the ﬁrst
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Fig. 2. (a) Convergence property of the present approach: relative error on effective mod
Convergence of FEM solution to present solution ðN ¼ 100Þ: relative error on effe
j ¼ 1; u ¼ p=3; f ¼ 0:25 – black circles, f ¼ 0:5 – blue squares, f ¼ 0:75 – red diamonds
intensity x ¼ 4. (For interpretation of the references to color in this ﬁgure legend, the r5. Numerical results and discussion
This section is dedicated to validating the present analytical
procedure and to discussing the inﬂuence of geometrical andmate-
rial parameters on the overall material behaviour; attention is fo-
cused on the issue of evaluating and mitigating the shear stress
in the ﬁbre, in the matrix and at the ﬁbre-matrix interface.
The analysis is developed by using the dimensionless parame-
ters u; j ¼ L2=L1; f ¼ pR2=jQ j; r2 ¼ Gh=Gr previously introduced,
and the following ones:
 ﬁbre/matrix stiffness ratio (contrast factor) n ¼ Gr=Gm;
 grading intensity factor x ¼ gð0Þ=gð1Þ;
 dimensionless interface parameter d ¼ D=ðGmL1Þ.
The simulations in Sections 5.1 and 5.3 refer to isotropic exponen-
tially-graded ﬁbres: in particular, r ¼ 1 and gðqÞ follows (78) with
q ¼ 1. Consequently, it turns out that gð0Þ ¼ 1, and Gr ¼ Gh has the
meaning of shear modulus at the ﬁbre axis. Different grading pro-
ﬁles gðqÞ are considered in Section 5.4.5.1. Convergence, accuracy and validation
As it was anticipated in Section 3.4, the inﬁnite system (58),
reducing to (67) in the case of Weierstrass basis functions, needs
to be truncated to a ﬁnite order N. Here it is ascertained how fast
convergence is achieved with respect to N, and which value of N
is required to give the effective shear moduli to some chosen rela-
tive accuracy.
Reference is made to a regular hexagonal arrangement, for dif-
ferent values of the volume fraction. Fig. 2(a) shows that the pro-
posed analytical scheme exhibits an exponential asymptotic rate
of convergence, which turns out to be faster for lower volume frac-
tion values.
Table 1 shows the minimum value of N required for the effec-
tive shear modulus G# to have a relative accuracy of
102; 104 or 106, respectively. This value increases with volume
fraction f and with ﬁbre/matrix contrast factor n (Perrins et al.,
1979). A value of N of few units will sufﬁce in most cases of prac-
tical interest. Other simulations, not shown for conciseness, indi-
cate that even lower N values are required in the case of103 104 105 106
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ulus G# versus truncation order N. Overkill solution: present approach, N ¼ 100. (b)
ctive modulus G# versus number of FEM degrees of freedom. Cell geometry:
. Material parameters: n ¼ 500; r ¼ 1; d ¼ þ1. Grading type: exponential; grading
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Table 1
Present analytical solution. Regular hexagonal cell with exponentially-graded isotro-
pic ﬁbres, x ¼ 4; r ¼ 1, and perfect interface, d ¼ þ1. Minimum order N required to
give the effective shear modulus to the relative accuracy R of 102; 104 and 106. N
is listed for various values of the volume fraction f and of the material shear moduli
contrast factor n.
R ¼ 102 R ¼ 104 R ¼ 106
n n n
f 5 50 500 5 50 500 5 50 500
0.1 1 1 1 1 1 1 1 1 1
0.2 1 1 1 1 1 1 1 3 3
0.3 1 1 1 1 1 1 1 3 3
0.4 1 1 1 1 3 3 3 3 3
0.5 1 1 1 1 3 3 3 3 3
0.6 1 1 1 1 3 3 3 4 4
0.7 1 3 3 3 4 4 3 6 7
0.8 1 3 3 3 6 7 4 9 9
0.9 1 7 12 3 15 24 6 25 37
392 E. Artioli et al. / International Journal of Solids and Structures 47 (2010) 383–397imperfect interfaces, which indeed mitigate the ﬁbre/matrix stiff-
ness contrast factor.
Computations were performed by using either the Weierstrass
basis functions (45) or the Parnell and Abrahams (2006) type basis
functions (48). In the former case, the series coefﬁcients
mksl and nksl of the singular and regular part of BslðzÞwere computed
using (62), (64) and (65). In the latter case, a numerical procedure
to compute these coefﬁcients was developed and coded. The sums
in (49) and (50), ensuring the periodicity with respect to x2, were
truncated to n ¼ 8, yielding satisfactory results. Indeed, identical
results, up to numerical round-off errors, were obtained for both
choices of basis functions. This is algebraically sound, since each
elliptic function UsðzÞ appearing in (50) can be represented as a lin-
ear combination of the Weierstrass fðzÞ function and its derivatives
up to the order s 1 (Tricomi, 1965), i.e., of the functions deﬁning
the Weierstrass basis (45).
Beyond convergence issues, validation of the present analytical
approach is obtained by comparison with a standard ﬁnite-ele-
ment solution. Numerical results are obtained using the Comsol
Multiphysics 3.5 software (COMSOL AB, 2008), which easily al-
lows to prescribe periodic boundary conditions on the unit-cell
boundary.Table 2
Dimensionless principal effective moduli ðG#h =Gm ; h ¼ 1; 2Þ for a composite with exponenti
n ¼ 50, and volume fraction f ¼ 0:5. Rhombic geometry: j ¼ 1; u ¼ p=4 [Fig. 3(a)–(c)]. R
function of the truncation order N. Eqs. (68) and (69) used throughout; the latter was also
meshes of Fig. 3 and their repeated regular reﬁnements. For the rhombic geometry, either a
Lagrangian shape functions used throughout.
Rhombic geometry
G#1 =G
m G#2 =G
m
N Eq. Analytical
1 (70) 2.33940115 3.14074837
2 (71) 2.35977693 3.21371684
4 (69) 2.36164973 3.22467809
8 (69) 2.36164994 3.22475386
# dofs FEM (parallelogram)
1219 2.34786351 3.00293757
4733 2.35540775 3.10541489
18,649 2.35873690 3.17044693
74,033 2.36031266 3.19858789
295,009 2.36101263 3.21075591
# dofs FEM(hexagon)
1137 2.36167607 3.22490495
4441 2.36165171 3.22476374
17,553 2.36165007 3.22475454
69,793 2.36164995 3.22475390
278,337 2.36164994 3.22475387The ﬁrst numerical test is reported in Table 2, relevant to a com-
posite with exponentially-graded ﬁbres ðx ¼ 4Þ, perfect interface
ðd ¼ þ1Þ, contrast factor n ¼ 50, and volume fraction f ¼ 0:5. Both
a rhombic geometry (j ¼ 1; u ¼ p=4, Fig. 3(a)–(c)) and a rectangu-
lar geometry (j ¼ 1:2; u ¼ p=2, Fig. 3(d)) are considered. The prin-
cipal effective moduli G#h ; h ¼ 1;2, i.e., the principal values of the
effective tensor G#, are reported, up to a scaling by Gm: due to sym-
metry considerations, they coincide with the components
G#11 and G
#
22 of the effective stiffness tensor G
# for the latter geom-
etry, whereas they are the effective moduli along axes forming an
angle of p=8 and 5p=8 with the x1-axis, respectively, for the former
geometry (Fig. 3(c)).
The analytical solution is reported as a function of the trunca-
tion order N. Eqs. (68) and (69) were used throughout. The
closed-form expressions (70), (71) or (76) were also used when
applicable, and yielded results identical to the ones supplied by
(69). As in the previous numerical test, the same results were ob-
tained applying the basis functions (45) or (48).
The FEM solution employed quadratic Lagrangian triangular ﬁ-
nite elements as per meshes reported in Fig. 3(a), (b) and (d) and
their regular reﬁnements, obtained by repeatedly subdividing each
triangle in four identical ones. The rhombic geometry was studied
using either a parallelogrammic [Fig. 3(a)] or a hexagonal
[Fig. 3(b)] unit cell: the latter supplied better results, due to the
higher quality of the mesh and the greater distance of the ﬁbre
from the cell boundary. Periodicity conditions were enforced by
identifying point-wise the values of the unknown cell function
vh; h ¼ 1;2 on opposite sides of the unit cell.
As shown in Table 2, after the convergence has been reached,
the same values of the principal effective moduli are supplied by
the present analytical method and by the ﬁnite element method.
An even more stringent comparison is reported in Fig. 2(b). A
square unit cell was considered with three different values of the
ﬁbre volume fraction and the same material parameters as in Ta-
ble 2. Progressively ﬁner meshes were considered, obtained by re-
peated regular reﬁnements of an initial coarse mesh. Quadratic
Lagrange triangular ﬁnite elements were employed in the analysis
and the relative error on the homogenized shear modulus G# was
computed with respect to a reference solution obtained using the
proposed analytical method with a very high truncation orderally-graded isotropic ﬁbres ðx ¼ 4; r ¼ 1Þ, perfect interface ðd ¼ þ1Þ, contrast factor
ectangular geometry: j ¼ 1:2; u ¼ p=2 [Fig. 3(d)]. Analytical solution reported as a
substituted by a more explicit expression, when available. FEM solution based on the
parallelogrammic [Fig. 3(a)] or a hexagonal [Fig. 3(b)] unit cell adopted. Second order
Rectangular geometry
G#1 =G
m G#2 =G
m
N Eq. Analytical
1 (76) 3.05518877 2.37522191
2 (76) 3.15689405 2.41239778
4 (76) 3.16347567 2.41267851
8 (76) 3.16353579 2.41267866
# dofs FEM
1245 3.16366580 2.41271414
4865 3.16354465 2.41268123
19,233 3.16353632 2.41267881
76,481 3.16353583 2.41267867
305,025 3.16353579 2.41267866
(a)
(b)
(c) (d)
Fig. 3. FEM approach. Coarsest meshes adopted in the FEM computations of Table 2. (a)–(c) Rhombic geometry: j ¼ 1; u ¼ p=4; f ¼ 0:5. (a) Parallelogrammic, or (b)
hexagonal, unit cell; (c) corresponding lattices. (d) Rectangular geometry: j ¼ 1:2; u ¼ p=2; f ¼ 0:5.
E. Artioli et al. / International Journal of Solids and Structures 47 (2010) 383–397 393ðN ¼ 100Þ and plotted versus the total number of degrees of free-
dom, in a log–log plot. The correct asymptotic convergence proper-
ties exhibited by the adopted quadratic elements shows that the
FEM solution does converge to the present analytical one, thus con-
ﬁrming the excellent agreement obtained in Table 2. Hence, the
present analytical solution procedure represents an accurate and
reliable alternative to classical numerical strategies.
5.2. Comparison with other homogenization approaches
The most widely used simpliﬁed homogenization models re-
quire the computation of the concentration factor Af of a single
graded ﬁbre immersed into an unbounded matrix (e.g., Mura,
1987; Milton, 2004). This task is easily accomplished, by noting
that the far shear-strain ﬁeld is constant in that case: hence, the
sums in (30) and (31) have to be taken over jkj ¼ 1 only, and
b1h ¼ Rch, in order to have vmh decaying at inﬁnity. Then, accord-
ing to (38), it turns out that bð1Þh ¼ Rch=c1; a1h ¼ Rchk1=c1.
Restricting the analysis to a ﬁbre with perfect interface (i.e.,
D! þ1), and recalling (35), it follows that:
Af ¼ 1
jQ f j
Z
Q f
I rtyv
 
da ¼ k1
c1
I ¼ 2
1þ Grgð1ÞW 01ð1Þ=Gm
I: ð116Þ
The corresponding average shear stress in the graded ﬁbre is ob-
tained by applying the tensor Gf
#
Af , deﬁned as follows, to the far
shear-strain ﬁeld:
Gf
#
Af ¼ 1
jQ f j
Z
Q f
G I rtyv
 
da
¼ 1
jQ f j
Z
Q f
divyG
f
 
 ~vda 1
jQ f j
Z
C
Gm  ~vdl
¼ GrWk1
c1
I ¼ 2G
rW
1þ Grgð1ÞW 01ð1Þ=Gm
I: ð117Þ
The tensor Gf
# ¼ GrWI is the average stiffness tensor of the ﬁbre,
taking into account the ﬁbre grading features. It is pointed out that(116) and (117) lump the ﬁbre grading and anisotropy features into
the coefﬁcients W 01ð1Þ and W, which can be evaluated in closed
form for the grading proﬁles considered in Section 4.
On the other hand, any numerical method to integrate (33)–
(35) can yield W 01ð1Þ and W, and hence Af and Gf
#
, for a general
grading proﬁle. Here the methods proposed by Kanaun and
Kudriavtseva (1989) and Herve and Zaoui (1993), based on a
piece-wise constant approximation of the grading proﬁle gðqÞ,
is brieﬂy recalled. The interval (0,1) is partitioned into M equal
subintervals; the function gðqÞ is taken constant in each subin-
terval, so that the restriction of the solution W1ðqÞ of (33) can
be represented as Aiqr þ Biqr in the ith subinterval, with con-
stants Ai; Bi to be determined, for i ¼ 1; . . . ;M. The scalars
Aiþ1;Biþ1 can be related to Ai;Bi by imposing that
W1ðqÞ and gðqÞW 01ðqÞ are continuous at the boundary between
the ith and ðiþ 1Þth subintervals, respectively, by congruence
and equilibrium. Noting that B1 ¼ 0 by the regularity require-
ment (34), and recalling the normalization condition (35), all
the constants Ai;Bi can be computed and hence W
0
1ð1Þ is ob-
tained. Then, W follows from (60).
A different method to treat the related problem of ﬁbres with
graded interfaces (Shen and Li, 2003, 2005; Sevostianov and Kacha-
nov, 2007) is based on the idea of increasing the inclusion in an
incremental, ‘‘differential” manner, with homogenization at each
step. More speciﬁcally, a certain ‘‘current” radius 0 < r < R is con-
sidered, and then an incremental layer dr of the graded material is
added, assuming that the inclusion of radius r is homogeneous
(homogenized at the previous step). To ﬁnd the corresponding
increment of modulus of the equivalent homogeneous inclusion,
this enlargement is modeled by placing the inclusion of radius r
into a matrix that has the property Gf ðrÞ. Reasoning as in Sevostia-
nov and Kachanov (2007), i.e., using the Hashin–Shtrikman lower
bound for the incremental homogenization, and limiting the anal-
ysis to isotropic graded ﬁbres, the following differential equation
for the modulus Gf
#
of the equivalent homogeneous inclusion is
obtained:
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#
dr
¼ 1
r
ðGf#ðrÞ  GrðrÞÞðGf#ðrÞ þ GrðrÞÞ
GrðrÞ ; ð118Þ
complemented with the initial condition Gf
#ð0Þ ¼ Grð0Þ. Then, the
average stiffness tensor of the whole ﬁbre is Gf
#ðRÞI, and the sin-
gle-ﬁbre concentration factor is 2GmI=ðGm þ Gf#ðRÞÞ, obtained from
(116) for an homogeneous, or homogenized, isotropic ﬁbre.
After the single-ﬁbre concentration factor Af and the average
stiffness tensor of the ﬁbre Gf
#
have been evaluated, homogeniza-
tion can be accomplished by several approximate methods. For
example, the effective ﬁeld method (Kanaun and Levin, 1994) leads
to:
G# ¼ GmI þ f Gf#  GmI
 
Af ð1 f ÞI þ fAf
h i1
: ð119Þ
Of course, other models (e.g., differential, self-consistent) could be
used as well. Table 3 presents a comparison between the results
supplied by the above cited methods for evaluating Af , Gf
#
, G#,
and the method proposed herein, for some ﬁbre volume fractions.
An excellent agreement is obtained for Af , Gf
#
, whereas a fair agree-
ment is obtained for G#. It is emphasized that the present periodic-
homogenization method takes into account the geometry of the
microstructure, yielding different results for square ðu ¼ p=2Þ or
hexagonal ðu ¼ p=3Þ ﬁbre arrangements, whereas the simpliﬁed
homogenization methods assume a statistically-isotropic ﬁbre dis-
tribution. Moreover, a by-product of the present method is the ex-Table 3
Single-ﬁbre concentration factor Af , average stiffness tensor of the ﬁbre Gf
#
, and dimension
exponential; grading intensity x ¼ 4. Cell geometry (relevant for the present analysis only
S-K, 2007 – Sevostianov and Kachanov (2007); Present analysis – Eq. (59).
Fibre volume fraction Af Gf
#
K-K, 1989, M ¼ 10 0.0797 31.1501
K-K, 1989, M ¼ 40 0.0669 30.9333
K-K, 1989, M ¼ 100 0.0643 30.9210
K-K, 1989, M ¼ 400 0.0631 30.9188
K-K, 1989, M ¼ 1000 0.0628 30.9187
S-K, 2007 0.0627 30.9187
Present analysis, u ¼ p=3 0.0627 30.9187
Present analysis, u ¼ p=2 0.0627 30.9187
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Fig. 4. Principal effective upper modulus G#1 (continuous line) and lower mod
n ¼ 50; r ¼ 1; d ¼ þ1. Grading type: exponential; grading intensity x ¼ 4. (a) Rectang
– red crosses, j ¼ 2 – black diamonds, j ¼ 3 – green triangles. (b) Rhombic geometry:
squares, u ¼ 5p=12 – blue circles, u ¼ p=2 – red crosses. (For interpretation of the refer
paper.)act point-wise computation of the shear stress distribution
(Section 5.4), which can be very useful in applications.
5.3. Parametric analysis
The inﬂuence of the microgeometry parameters j and u is ad-
dressed in Fig. 4(a) and (b). In particular, rectangular geometries
ðu ¼ p=2Þ with various unit-cell aspect ratios j are considered in
Fig. 4(a), whereas rhombic geometries ðj ¼ 1Þ with various values
of the unit-cell skewness u are considered in Fig. 4(b). Fibres are
isotropic, exponentially graded with x ¼ 4, a contrast factor
n ¼ 50 is assumed, and the ﬁbre-matrix interface is perfect. The
dimensionless principal effective upper G#1
 
and lower G#2
 
mod-
uli are plotted versus the ﬁbre volume fraction f. All curves are
monotonically increasing, because ﬁbres are stiffer than the ma-
trix. Each curve terminates at the volume fraction corresponding
to the relevant packaging limit; near that limit, the upper modulus
is highly sensitive to the volume fraction.
The inﬂuence of the interface strength d and of the grading
intensity x is investigated in Fig. 5(a) and (b). Fibres are isotropic,
exponentially graded, and a contrast factor n ¼ 50 is assumed. A
regular hexagonal unit cell is considered, so that the effective
behaviour is isotropic, and the dimensionless homogenized shear
modulus G#=Gm is plotted versus the ﬁbre volume fraction f.
Different values of d are considered in Fig. 5(a): the value
d ¼ þ1 corresponds to the perfect interface condition, i.e., contin-less effective modulus G# . Material parameters: n ¼ 50; r ¼ 1; d ¼ þ1. Grading type:
): j ¼ 1; u ¼ p=3 or u ¼ p=2. Method: K-K, 1989 – Kanaun and Kudriavtseva (1989);
G#
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b)
ulus G#2 (dotted line) versus ﬁbre volume fraction f. Material parameters:
ular geometry: u ¼ p=2; j ¼ 1 – magenta squares, j ¼ 1:2 – blue circles, j ¼ 1:5
j ¼ 1; u ¼ p=6 – green triangles, u ¼ p=4 – black diamonds, u ¼ p=3 – magenta
ences to color in this ﬁgure legend, the reader is referred to the web version of this
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Fig. 5. Dimensionless effective modulus G# versus ﬁbre volume fraction f. Cell geometry: j ¼ 1; u ¼ p=3. Stiffness contrast factor: n ¼ 50. Isotropic ﬁbre: r ¼ 1. Grading
type: exponential. (a) Inﬂuence of interface strength: d ¼ 0:1 – blue diamonds, d ¼ 1 – grey circles, d ¼ 10 – black upper triangles, d ¼ 100 –magenta lower triangles, d ¼ 1000
– red squares, d ¼ þ1 – green stars. Grading intensityx ¼ 4. (b) Inﬂuence of grading intensity:x ¼ 1 – green stars,x ¼ 2 – red squares,x ¼ 4 – black triangles,x ¼ 8 – blue
diamonds. Perfect interface ðd ¼ þ1Þ. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
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increases with the interface parameter, and over a certain limit
ðd ﬃ 1000Þ reaches saturation with no signiﬁcant increase with re-
spect to additional stiffening of the interface. On the opposite, a
very weak interface, characterized by d of the order of the unity
or less, induces an effective modulus which results even lower than
that of the matrix.
Different values ofx are considered in Fig. 5(b): the valuex ¼ 1
corresponds to homogeneous ﬁbres; higher values ofx imply low-
er moduli at the ﬁbre boundary, the stiffness at the ﬁbre axis being
constant. It turns out that the overall material modulus is scarcely
inﬂuenced by x at lower ﬁbre volume fractions, whereas it signif-
icantly depends on the latter near the packaging limit.
Finally, Fig. 6 reports the inﬂuence of the ﬁbre orthotropy
parameter r2 ¼ Gh=Gr on the dimensionless homogenized shear
modulus G#=Gm. Fibres are exponentially graded with x ¼ 4. A
contrast factor n ¼ 50 is assumed with perfect interface. Different
values of r2 are considered. It is observed that progressively stiffer
ﬁbres along the h direction imply a higher dimensionless modulus0 0.2 0.4 0.6 0.8 1
0
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Fig. 6. Dimensionless effective modulus G# versus ﬁbre volume fraction f. Cell
geometry: j ¼ 1; u ¼ p=3. Stiffness contrast factor: n ¼ 50. Grading type: expo-
nential. Grading intensity x ¼ 4. Cylindrically orthotropic ﬁbre. Inﬂuence of
orthotropy parameter: r2 ¼ 1=8 – blue diamonds, r2 ¼ 1=4 – grey circles,
r2 ¼ 1=2 – black upper triangles, r2 ¼ 1 – magenta lower triangles, r2 ¼ 2 – red
squares, r2 ¼ 4 – green stars, r2 ¼ 8 – brown -marks. Perfect interface ðd ¼ þ1Þ.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this paper.)G#=Gm for each value of the ﬁbre volume fraction f. The inﬂuence of
r2 becomes signiﬁcant near the packaging limit.
5.4. The shear stress concentration factor
In this section, the analysis points at assessing the reduction of
shear stress concentration in the composite, by suitably choosing
the grading intensity factorx and the grading proﬁle gðqÞ, keeping
ﬁxed the effective shear stiffness of the composite material.
Reference is made to a square cell geometry of volume fraction
f ¼ 0:78, i.e., with ﬁbres nearly touching each others. The effective
stiffness tensor G# of the composite is isotropic. Perfect interfaces
are assumed. Grading proﬁles with different features (e.g., concave,
linear or convex) are considered in the computations and sketched
in Fig. 7.
The point of view here is different from Fig. 5(b). The ﬁbre/ma-
trix stiffness ratio Gr=Gm was taken constant there, whereas the
dimensionless effective shear stiffness G#=Gm is taken constant
here. Hence, the higher x is, the higher Gr=Gm has to be chosen,
in order to grant a ﬁxed G#=Gm value, since higher values of x im-0 0.2 0.4 0.6 0.8 1
0
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Fig. 7. Grading proﬁles gðqÞ versus radial dimensionless coordinate q, for a grading
intensity factor x ¼ 4. Exponential proﬁle (78) with q ¼ 1 – black diamonds;
exponential proﬁle (78) with q ¼ 4 – red squares; linear proﬁle (108) with m ¼ 1 –
green triangles up; binomial-power-law proﬁle (108) with m ¼ 1=2 – blue circles;
squared-ﬁrst-kind-Bessel proﬁle (93) with m ¼ 0 – magenta triangles down. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this paper.)
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Fig. 8. (a) Axial ðGr=GmÞ and (b) boundary Gr=x =Gm  ﬁbre/matrix stiffness ratio required to achieve a given dimensionless effective modulus G#=Gm, versus grading
intensity x. (c) Matrix and (d) Interface Shear Stress Concentration Factor (SSCF), versus grading intensity x. G#=Gm ¼ 5 – red dashed lines, G#=Gm ¼ 7:5 – blue dash-dot
lines, G#=Gm ¼ 10 – green solid lines. Grading type: exponential proﬁle with q ¼ 1 – diamonds; exponential proﬁle with q ¼ 4 – squares; linear proﬁle – triangles up;
binomial-power-law proﬁle with m ¼ 1=2 – circles; squared-ﬁrst-kind-Bessel proﬁle with m ¼ 0 – triangles down. Cell geometry: j ¼ 1; u ¼ p=2; f ¼ 0:78. Material
parameters: r ¼ 1; d ¼ þ1. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
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issue is shown in Fig. 8(a), reporting the values of Gr=Gm versus
x, that yield G#=Gm ¼ 5, 7.5 or 10, for each grading proﬁle. In this
way, classes of graded composites with the same effective stiffness
are obtained.
Recalling that gð0Þ ¼ 1 (Fig. 7), it follows that Gr=Gm is the ﬁbre/
matrix stiffness ratio computed at the ﬁbre axis. The corresponding
ratio computed at the ﬁbre boundary, i.e., ðGr=xÞ=Gm, is reported in
Fig. 8(b). Since these curves are decreasing, it follows that grading
the ﬁbre stiffness is a feasible way to reduce the stiffness contrast
at the ﬁbre-matrix interface, keeping constant the effective
stiffness.
In fact, grading the ﬁbre stiffness turns out to be a feasibleway to
mitigate the shear stress concentration in the composite. A quanti-
tative account of this issue can be obtained by introducing the Shear
Stress Concentration Factors (SSCFs). In particular, the matrix
[respectively, ﬁbre] SSCF is deﬁned as the highest ratio between
the L1 norm of the shear stress in the matrix [respectively, ﬁbre]
of the graded composite, and the same quantity in the homogenized
material, under all the macroscopic shear strains rxw0:
Matrix SSCF ¼ sup
rxw0
sup
ðy1 ;y2Þ2Qm
js0ðy1; y2Þj
G#jrxw0j
; ð120Þ
where s0 is deﬁned in (29) and jj denotes the modulus. A similar
equation holds for the ﬁbre. Analogously, the interface SSCF is de-
ﬁned as the highest ratio between the L1 norm of the normal com-ponent of the shear stress at the ﬁbre-matrix interface in the graded
composite, and the same quantity in the homogenized material, un-
der all the macroscopic shear strains rxw0:
Interface SSCF ¼ sup
rxw0
sup
q¼1
js0  mj
G#jrxw0j
: ð121Þ
The matrix and interface SSCFs are reported in Fig. 8(c) and (d) as a
function of x, for G#=Gm ¼ 5, 7.5 or 10. The ﬁbre SSCF coincides
with the interface SSCF. A reduction of the shear stress of 25% for
highly graded ﬁbres ðx ¼ 10Þ with respect to homogeneous ﬁbres
ðx ¼ 1Þ is observed for all the levels of dimensionless homogenized
modulus, when the exponential grading proﬁle with q ¼ 4 is cho-
sen. Signiﬁcant, though slightly lower, reductions are obtained also
with other grading types. As a general trend, concave grading pro-
ﬁles tend to perform better than convex ones.
Hence, properly grading the elastic properties of the ﬁbres leads
to a decrease of the ﬁbre, matrix and interfacial stress concentra-
tion, without reducing the overall stiffness of the material. This re-
sult raises attention on an innovative class of composite materials,
enhanced in terms of durability of the matrix, the ﬁbre and the
bonding at the ﬁbre-matrix interface.
6. Conclusion
This work dealt with the determination of the effective longitu-
dinal shear moduli of a periodic composite material reinforced by
E. Artioli et al. / International Journal of Solids and Structures 47 (2010) 383–397 397straight parallel circular ﬁbres, made of cylindrically orthotropic
material, graded along the ﬁbre radius. The investigation was car-
ried out by adopting the asymptotic homogenization theory. A
closed-form expression of the effective shear moduli was obtained,
for a wide class of grading proﬁles deﬁned in terms of special func-
tions and for a general unit cell geometry. The proposed method
relies on the theory of Weierstrass elliptic functions for the satis-
faction of local periodicity condition, and on the use of Fourier
expansion for the solution of equilibrium equations. The present
result was validated by means of comparison with ﬁnite element
solutions on a set of representative benchmark cases and showed
to be accurate, efﬁcient and reliable. The numerical implementa-
tion of the proposed method exhibited exponential asymptotic
convergence rate with respect to the truncation order of the in-
volved series representations. The obtained analytical solution al-
lowed for a parametric analysis focused on the geometrical,
material and grading parameters that deﬁne a composite material.
The analysis showed that suitably tuning such quantities is a feasi-
ble way to reduce the shear stress concentration in the composite.
The reduction of the latter raised attention on the possibility of
devising innovative composite materials, speciﬁcally designed to
have better durability with respect to the risk of ﬁbre or matrix
failure, or ﬁbre-matrix debonding. The present results apply also
to other physical models, such as electric or thermal conduction
problems, or electrostatics.
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